Lecture 8 : Graph Connectivity *

8.1 = QAL (Connectivity) 2] o]1]

COHHeCtiVitY(ﬁ%fE) =42 network AAOA 71 5] el EAolH S 1=t
<o} EEbI @25, 2 ) cdge AT A At} ¥ 4 Q] (fauls-
tolerant), ¥2le] F A 71 1§ =Y (mutually disjoint) 4 2= 2 77} A 5=4]
53 Aot o] 474 242 2a FAlolr).

o
f‘#

o] oA =2 olslof & 8- th33 A}, (1) 54T 129 edge, vertex connectiv-
ity S |G/ AXFSHE7E, (2) parameter S 7H thgt 54 2] graph 7t 7} connectivity
9] lower bound, upper bound®] thgt o]5fjo]

enger’s theorem) ¢4

(M
| X*FJ SR eR ”*% T8t I E LSS FEE & 7] Wizl & <FFolof et

BA 8.1.1 TS 8|2 19 o]z o2 AojaiAa. B o] do] vl Hels AF T8
a4 A olafjof Ft.

separating set and verter cut, cut vertex

~

vertex connectivity k(G)
separating edge, edge cut
edge connectivity, ' (G) = M\QG)

k-vertex connected graph

S v e

k-edge connected graph

ot 712] 2] 5f|oFS base condition+> degenerated (E]2H) j_EHE—J A%, S vertex7}F 174, 2
7R = oFF B4 74221 ©] 79l connectivity & T th= A o] &
consistency & 91ollA eF 7o) o=z FAHE Tz thfA= k(Ky) =

* 2013 2 o] 13-g F7l5tke] AEAE IPE 7.1.4 & AF&3E Network flowoll T
EE/‘]’] 201539 maxﬂow HASIEE 27




8.2 2% (Block): 2-connected component 2

8.2 E% (Block): 2-connected component

cut-vertex 2] WA O 2 HH Fo]Z O Z blocksE2 FAHTE o] AL cut-vertex= 2t
vertex 9l &5 o] YeEPAT} Social Graph©l| 4] block} cut-vertex—= 523 o0& 7HzIt}
o] Aol A<= block @] 4d Aol tjsto] A5zt gict,

EA 8.2.1 ¥ social graph(network) oA cut-verter= 18 2|u|& 7} =2 ST 4
S TiorT ol o] AFahA .

Figure 1: A graph and its 4 blocks

9] 8.2.1 A nontrivial connected graph with no cut-vertices is called a block, nonsep-
arable graph.

EA 8.2.2 Prove the following. A graph of order at least 3 is nonseparable(block) if and
only if every two vertices lie on a common cycle.

EA 8.2.3 Prove the following statement. If G is a graph with p(v) > n/2 for every
vertex, then G is nonseparable.
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3
FA) 8.2.4 oJH 1L O] 2-connected subgraph(black)S AAH LFo 7 T LE A
Z91 block graph©|th. o] 1 Z= FAF Treed= B0 Al L.

EA 8.2.5 Prove or disprove. If G is a connected graph with cut-vertices and u and v are
vertices of G such that d(u,v) = diam(QG), then no block of G contains both u and v.

£A 8.2.6 Give an example of a graph G with the following properties.

(a) every two adjacent vertices lie on a common cycle.
(b) there exist two adjacent edges that do not lie on a common cycle.

8.3 AA AAxL, JA] A% (Connectivity) o] 7|2 &

71 Dt AR WA FEEAL £(G)= B QEEE UEHHAL £/(G) 2 oA &

|
=5 YeRdT
A< 8.3.1
K(G), K (G) < {}ng{ﬂ(v)}
oJ® 22 Z O] minimum degree”} 4|9, ©o] IO k(G), K (G) = T4 4 o|stolzt=
ot

(=}

S AF&Gof 5F=2] AWSA Q. O
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Sol) 17 2L Al Sk cut set S5 Aeste] 1 2717k (5] > kA4S Bl EE
oH k7l o]ote] vertex set SE A& A] o] & A|AdtA L G — S+ B4 connected B2
HojF= Aot

BA 8.3.2 HyperCube Qy, ] vertex connectivity, edge connectivity= -5 K. O

Sol.) WA Qq,Q3 9] AE et WY S 7} separating set ©]2tx 7HERTh Qg 2
T 0O Qr et ZF -85 = vertexE< A2 AT Ao|E= o] AMEE o]-&oljA S foF
gttt 9t Qg oA SE ol Sl o ZH2He] 5kel BAIQI 2709 Qag—1, Qpi—1 Y FEE=
A2 AmEch T ehE 0] Q4 k- ©] HEE AT S7F " EAS Z7HAA H=A] et
A]—_ﬁ:‘l_ﬁ;_x].‘

=

.2 GOA 7} cut-vertex®]H G — colA A2 THE component©ll &3 & verter x,
= LE path(z,y) = STEA] ¢ & XY O

£A) 8.3.3 de Brujin Graph dBy, @) vertexr connectivity, edge connectivity= J-otA Q. T
AHEEE 71 270 {1, 0 } olth. O

£A4) 8.3.4 Whitney Theorem 1932
K(G) < K'(GQ) = MG) < §(G) = minimum degrees S HoMA.L2. 12|11 §]9] oA Z+zte]
5571 ARk A0k 5 57 Agehe A%l el 1Ame Jele. O

B4 8.3.5 oW I QoA v7} cut-vertexC|H Gl oAM= cut-vertez7} o2 HOJAX]| Q..
O
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£A 8.3.6 thx AAIH o] Fo] ofYetH 1 Bt (counter example)-& A AISHA] 2.
(Chartrand p.110, Problem 5.5)

1. For G, |G|=18 and it is connected. and v is cut vertexr of G. Then there exists a
component of G — v containing at least 7 vertices.

2. G is a connected graph containing only even vertices, then G contains no cut-vertices.
3. If G is a connected graph with a cut vertex, then G contains a bridge.

4. If G is a connected graph with a bridge, then G contains a cut-vertez.

£A) 8.3.7 Prove or disprove:

1. If a vertex v lies on a cycle of G, then v is not a cut vertex.
2. If a vertex v of G does not lie on any cycle, then v is a cut vertex.
3. A tree of order 3 or more has more cut vertices than end-vertices.

4. A tree of order 3 or more has more cut-vertices than bridge

£A) 8.3.8 Let G be a nontrivial connected graph. Prove that if v is an end-vertez of a
spanning tree of G, the v is not a cut verter of G.

%A 8.3.9 If G is a connected graph of order at least 3, then its square graph G? is 2-
connected. G*= G 9 adjacency matriz MqS At matriz Méi BEAEE Jgxmo]

o},
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BA| 8.3.10 If G is a graph of order n and m > n — 1, then

2m

k(G) < \‘nJ
Sol.) W= 2po] 9to] 2mo|B 2 H degree+ 2m/n O|th. WakA] XA degree §(G) <
2m/nolth. 1Y §(G) = integer |22 §(G) < |2m/n] o]B=2 A o] Aalof oA
k(@) < |2m/n] 7} it

8.4 k-Connected Graph? 2 EA

A90] 8.4.1 F vertex u, vE AAdI= F path?7t A E F-75I= vertex7t Y& W F path=
internally disjointﬂ'ﬂ wsict O

A 8.4.1 (Whitney 1932a)

E pair u, vol ot internally disjoint path7t QM if and only if ©] L= 2-
connected graph ©|t}. (Extension, k7N 2| edge disjoint path7t ZASIHA if and only if
k-connected ©]t}.)

Proof) g&oH LEE WLz T =& HA8. vwollH v 7}% do] 27) o]4
5 1o

ZA5HA (2= Agel tiste]) 999 §F vertex & Zﬂ AdNA F vertex u, vi= w2 EA] =T
Carrot | 181l = ¥eF2 vertex A0l thet induction @ = S 5HH H

EA] 8.4.1 Prove or disprove. Let G be a non-trivial graph. For every vertex v of G,

k(G —v) =k(G), B k(G—-v)=r(G) -1

tlo

A FAARA Q. W Aok THRII G2 A

8. 2 =3
sl 17| 27158 ARetAlo.

1. a 2-connected graph that is not 3-connected

2. a 3-connected graph that is not 2-connected

3. a 2-edge-connected graph that is not 3-edge-connected
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4. a 3-edge-connected graph that is not 2-edge-connected

£A 8.4.3 Give an example of a graph with following properties or explain why no such
example exists.

1. K(G) =2, MG) = 3,6(G) = 4
2. K(G) = 3,MG) = 2,6(G) = 4
3. K(G) = 3,\(G) = 3,6(G) =2
4. 5(G) =2,\(G) = 2,5(G) =3

BA) 8.4.4 Give an example of a connected graph G such that every vertex of G belongs
to a minimum vertex-cut but some edge of G belongs to no minimum edge-cut.

8.5 ™A A2 (Menger’s Theorem)

Al 8.5.1 oW % distinct verter x y2| z,y seperator= 12t y& w20k (except 1, y)
vertex setS WSk, Menger proved that the minimum size of x,y-separator = z,y= 94
St= edge-disjoint path®] mazimum size2t BT}, (z, y& AZBSH= edge disjoint path7} k
HolH z,y seperator?] A N4+= k 7H O]E]'.) (Menger 1927) O

Proof) Case 1: G has a minimum z, y cut S other than N(z), N(y) Case 2: X+ minimum
£y — cut O] N(x) oAt N(y) o] A2 Lol 4] Ajztetm ek,

A9l 8.5.1 Line graph L(G)= J8j= G(V,E)PJ edge, vertex connection®| dual version
olty. O
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24 8.5.1 01[3 I G 9] Line Graph L(G) = 33 ASHATE o]® Fol2] ¢lolo] G&
tiste] G = L7Y(H) Q1 H+ EA0HA] &2 &= At} o] 2A] AT 4= §l= Line Graph®]
o E shet AAISHAl L. O

Sol.) Line graphs are characterized by nine forbidden subgraphs and can be recognized in
linear time. & &9 Line graph= claw (K 3-free graph©|tt.

Al 8.5.2 (Dirac 1960) W4 G 7} k-connected ©]31 |S| = k<l set S7F 2™ G= S=ERt
TE cycles WIEA] 712 21 Qit, O

<] 8.5.3 [One application of Menger theorem, Ford-Fulkerson 1958] (West Book p.172)
Families A = Ay, As,... Ay and B = By, Bs, ... By, have a Common System of Distinct
Representatives(CSDR) if and only if

(JarNU Bl = 111+ 17] -

el jeJ
, for each pair I,J C [m] O

o] #AIE digraph g THE0] AT 4 ek 1,7 C [m] 9] mlE mAGA A 1A
& SIUTE OIek ofs) THAN ml oI5k sow] ST U Bk 3101
obd AA| Hotel A 2] vertex set R= ARtk 12]31 [ = {a;} — R, J ={bi} — R
2 Ag3sitt & Rof obd AZ vertex®} BZ vertex & A g ‘:]' o] % Rol s,t-cut°|H
olaj 7} Maoﬂo]: St

JayNUByer

iel jed

edge, vertex connectivity = max-low= Aot & F5tH 254, = 2lS-1H 9] graph
connectedness computing ocde S A4t A st 2 ALAdo] gith. 14| o] CSDR &A]
A2 F2 max-flow 2] EFS o854 gttt edge connectivity+= 2= vertex £ s,t
= A% O}J— 71 =l tiste] max-flowE FolA 1 FollA 7 e gk Addetd g
Z= e}, fkstH 127 L7 integral flow A7} edge-disjoint path 7} = 7] wj&Eo|tt.
19| vertex connectivity® & = A7 & @2 oh €HEA Q1 edge disjoint 3+ path
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A3 = {173}7A2 = {372}7"41 = {172} B3 = {17274}732 = {274}7B1 = {174}
Figure 2: Example graph for the application of Menger theorem. | 4 o] AbE0]| &
N I, g ol staE (A), A9E (B) 2 UrolA ok, $2l& 4 2] AtEZ ol A
Az e 3 ARHe Aeiste] 1 o] & 7 67 gl RSt HER shuA g,

Figure 3: 184 9] integral flow 7} vertex disjoint ¢t path7} = =5 o,

+ vertex disjoint 3t path+= StEBE FolZl I 5 F HYsto] 1 12T oA 9] max-
flow(integral flow) 7} vertex disjoint o}=5 & o]of gt}

HZ GAA s,t7F obd BE vertex o+ (xl,xgiﬁﬂ edge2 Z 70Tt o] edge 9] weight+=
RE 1R Eoh I o2 o8 GolA (z,y) 2 edge?t Ao o1& G ANAE (y2, 1), (x2,91)
o] HE& F719] directed edge s 7}ty 12|31 ©] edge 9] capacity= 2F F25] &
2 Er. ofd O¥-& BA}

oA A 1= Zof| A max-flow”} vertex disjoint §F pathS ZH e 5 o] K - = S H 2}

EA 8.5.2 oH simple graph®| vertex connectivitys T-oh= Y= mazflow - mincut 2=
siast Al ftt, ol B Al ShH F2A] 11 S AASIEAI Q. T W] dalE|ES AAISHA
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A Given Graph G

. 'y —)G
Modified Graph G’ for-finding vertex disjoint pathi(integral flow)

Figure 4: ol AT E HMPsto] T I o A 9] integral flow 7} vertex disjoint Gt
path7} B =5 ¢F K= edge 5] T2 sollA Uk edgew 27 AW For F31, ¢
= E°17te edgew BT o7t HFL 2 Foh 11 ffofl= o vertex WHE (vi1,vi2) &
T3, Y2 25 2HA vertex oAl A vertex2 AEE L5 {FS ot
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ol

11

Q. G(V,E)o1H magflows Fah=d dal= A7k M(G)eta gt O

Sol.)
VC(G)= min {VC(G,u,v
(@)= min (VO(Gu,0)}
Ford-Fulkerson Method & AA A& ¢l At 5422 &S 218 Edmonds-Karp algo-
rithmo]gtal ghet, o] &118]E 9] complexity= O(|V||E|?) ©]tt.

A 8.5.3 Fo1% IO edge connectivity(7HF A2 edgel] &2 T I I E sep-
aration M7+ BH )& mazflow= -5t BH-E AASHA Q. O

Sol) 714 713t Ford-Fulkerson edge relabeling &l 2] &-2 o] 27| A Ht, HA Fo]7]
network flow ol 4] 3}}9] feasible flow S Sttt 1 oA = 0-flowke ESETH I oh8 s

oA f-augmented flow S Zroba] 3ttt o] B2 goflA] f-augmented treeS constructive
sH| FHoff U= A At & o] A intermediate tree s T2k 5HAY. T AZAH edge
ZO|| A oFA] visited B A| L& edgevoﬂ/ﬂ HFeFo] forward ©]'H unsaturated edge S 7t
T Wefo] golar 11 ﬂ0w7]'01 0 o]Ato]H o]AL % nIA|ILH o] e HirjZxo g
S0l9 flow} ATHR S AL WAL o] AL o HEell Aedg et o2
A sink ¢714] 71 Zo] QstE Bt 9hel 1 do] oW 1 edgeFol 1 AL
SR E 3 3hE S 4 SLOBE Fangmented path7 SAFE HelF 4 9k
EAl=1 7‘7]-1'?—0] oFF A 4= 9} —1: Zio|tt, Bondy-Murty 2 202 page©l =™ max flow
7F2-m (A= FZ2+= ?l'%ol ¢ & 7ROl arc2 /35 cycle©] AL 11 F7Hol| weight 1
¢l edge7t Uth) &€ o AA| F7HE2 +10 =3 4 = Sl

ol A A AR deterministic VO(G) & T-oh= €118]E9] time compelxity = ThA &2
Holt}, o] IS TE vertex pairoﬂ sl Sht= source, 2 SE sink 2 oA max
flowE Tt 12 9] minimum-2 F5HA ok o] HHA1L O(n2 - m(n)) ©] ETh. o] 7)o A
m(x) = maxflow algorithm 2] complexity & W3}

8.6 =T AZX (connectivity) A4t are]EF

Network flow 9] &8 5 7F¢ 5235 A7} vt2 Fo]Z i of| 9] edge connectivity 2}
vertex connectivity ]E]'

BA 8.6.1 oH simple graph®] vertex connectivity's 7-ol= YHS Mazflow - Mmcutoi
Siaste Al jtrt. ol BA shH F22] 11 S AASIEAI Q. T o] dAlE|ES AAISHA]

2. G(V,E)NA mazflows Tot=tl A= A& M(G)E}_l__’ gttt O
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ol

Sol.) VC(G) = miny )¢ pa){VC (G, u,v)}

Ford-Furkerson Method & AA| FAAQ] At mnFx2 &

A3+ Z1-& Edmonds-Karp algo-
rithmo]gtal gt} o] 113 F 9] complexity+= O(|V||E|?) ©]tt.

£A4 8.6.2 Fo]% 1] edge connectz’m’ty(ﬂﬂ AL edgel] T2 FolX A} TE sep-
aration M7+ BH )& mazflow= F-5h= H-E Al ]O]'/\]_S’_. O

Sol) &1 8|&2 o|gA MAHE}., HA S| % network flow ol A 5}t feasible flow &
Tt} 1 Sl A= 0-flowke ZEHETH T o2 so| 4] f-augmented flow S ZropA] Gt
o] .2 oAl f-augmented treeE constructivestAl 75 U7t= g3 2,

—f— olu] LA intermediate treeS T 21l 5}AF. T AZAH edgeoll A o2 visited & A]
2 edges oA WEFo] forward ©|H unsaturated edge S H7}etet. W wigFo| Ho|al 1
ol 0 ol Bol T o] A6 B BASIEL o) 116 g0 51 L fow] Eh
St A& Uett o]AS 9o HEY = AYE ‘?2}0”/} o]Z A sl Al sink ¢ 74| 7= 40|
S=7HE Arh, 818l 1 20] 9108 T edge ol 71 M-S weight GHEHE: 1 9 271417
TP & f-augmented path7} EA-ES HolE 4= ot ~r1ﬂ 11 F7h2o] ofF 22 4
A= Aotk Bondy-Murty & 202 page©ll 2 max flow”} 2m (2 X FZ2 = &0l m
o] = o] arc 2 FAH cycle©] YT T 7] weight 191 edgeZ}F Att) & wff AA| ZF7HLS
1o BT 5 & oo,

S ojE = Goﬂ/ﬂ u. v vertex disjoint path o] & k(G,u,v) 2 FEA|SFA},
oF A 9] max-flow &l 2 edge disjoint ¢+ path & TlFEE O] Z-S vertex disjoint T
WOz o Wast g AW ol Bl Ak S 1 Eel k(@) E e
nonadjacent g vertex pair©ll thoto] Al4tet | 11 2|stgt-2 Fobd dot & o33} 2

k(G) = min k(G, u,v)

u,v

olg7 5P 5% n(n—1) — m 2] max-flow algorithm< B2 OF 3t} m-2 edge I
24 vt AZH edge (u,v) ol oA = AL a7t it I8 o] AS 23 Y o .

T k(G) = S & ™ S+1709] vertexE& AEHSIA 11 Fofl = vertex cutof] £5H4] &=
vertex7} SFEA] 2F 7H ol —f—xﬂ‘?}ﬂr. A7t k(G) < §(G) P& FaL A7 wflZell (1711
4(G) = minimum degreeo D, | X > 5( )¢l vertex et XE ABISHH 1 Qtofli= RFEA
minimum vertex cut ol &5}2] &= vertex 7} i‘é’ﬂoﬂ it} wEtA BE vertex u O
tfote] EE vertex vE 125t (G v, U)% T Aol otz §(G)+171 7R e A HH
11 Fofl& JtEA] connectivity S 2 A= vertex”7F L= A H T}

_
>
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dE E°] oJH I Z O minimum degree”} 30]2tal A, 47 9] vertexT Y o=
AE5to] 41 0] max-lowE F=2W "}t 2|1 22 =22 7t ofH T2 X O vertex
connectivity 7} 52FH 671 2] vertex v A EHSHA F T},

I8 #A= $27F At = 281 Z 9] vertex connectivity = ©F&] EErt= Zlojtt,
upebA] THd AA7EA] o g Foll A7) k(G) = W kAL o 9-2= W+1709] vertex
W Told 2ARSH HTh L9l AL 9 k(G) L B daotng, 9o Audos
AR vertex o] A4=7F AA7HA] -2 H vertex connectivity x(G) EoF ATHH T gk7A| gt
max-flow & AHESHH "t WA max-flow S F2& A4 34E O((n — 6 — 1) H 2
max-flow callo] B Qs AAE da12]|E5S F 719 loop & & F46he= I EE AP
o] Sht= anchor vertex©]1l ©h2 sH= looping vertex 2l 5FAF. o] anchor vertex ©]]
iste] UM 2] BE vertexs AESI k(G anchor, w) & AAFoFstE 2 A &= 5+ 171 9]
vertex 5 Al 2T L= vertex©f] thot] max-flow S =& oFstal, 1 2FY-2 AA| 71 8L 9]
vertex connectivity ?H& olloFgitt,

o] A2 Hakimi, Esfahanian ¢118]& 02 2w o /W E. 159 Wo|=zt ol
vertex 7} cut set SO &SHH 2 € § 9] o]% vertexd 27 HIEA] Sof &o1A| & ¢F o
A2 QIHSIA| & gth= AfAolt) T 2 9] RE o]%o] % §of &3ITHH 2 & vertex cut
set o Al A|ANE Fojd Qg Eefot=tl o}Fd EA7} glen=z TJ7o] AaT7]9
cut set O] 2= 7FA ol Hmo] Hry T o]2o] gF gt SO QJFof Qlojk Z2 WAoo s
FTHE 4 Atk mEA o3 2712 ASE Wo] A4t ofgfiell A v+ minimum degree
vertex ©| Tt

k1 = min{k(v,w)|lw € V — {v}}

ko = min{k(z,y)|r,y € N(v)}

Hakimof| 2JsjA 71 E & 2]ES TP O(n—§ — 1+ 6(6 — 1)/2) ¥12] max-flow call

2 ol§% 4 9tk

EA 8.6.3 (Algorithmic Graph Theory p.217 by James A. Machugh)
ol# T2 O] VC(Vertex Connectivity)E Probabilistic algorithm .2 o= A4S A
Stal 71 Wi Q] time complexity®t 1 Bo] WS 52 FoIA L. O

Sol.) ©J®H % vertex s,tE F2|5l+= minimal vertex cut set & J-ollA] o]z o] AA| 1]
IOl VC7t 2 7t S A E A} gt 8o ZFofA] o]7lo] MA| I 9] connectivity &
A= cut vertex JH S 1 T U BA= vIZ A}, A4+ 18 gHEo] dutt

& =7t ok Aol
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ol

G 9] vertex 2= Agof tisto] max- ﬂow‘z THE A connectivity= 7] st 19t

B madlowS ¥ 2 H 0 < Vo) o] Ael B2 0] 2S 0(n?) W 18 1AL 0(n?F) 7}
] e}ttt o)Wl w2 7 7HASH -8 A Zbe| K 2}, o] HPH L slE Aol vl o 2 715t}

Folxl ol A Al vertex set C = {v1,v2,v3,...,0c}, = k70E] vertexs AH
o}, T C© ZFollA oH vertex v; 7} VO (G) = Sl +o}x] OPLE}L SHH VO (vj, %)
vertex & SA1 02 UHZ| BE vertex2}2] cut set2 F-olxl 11 HAZES AEsH 1A
AA VO(G) 2F LA

= 18 &E, & Aok st o449 vertex 7t cut-set S ol Z3HE FEof tsho]
A H a1 2) giet, o] 3]'30 FAs] r = VO(G)/|V] olt}. dlE E°] vertex connectivity
7} 70l V| = 3091 2=t S vertex v; 7} cut set SOl 8 SE-& 7/30 0|t} whabA]
olA =<l tholA max-flows FotH ZHFE cut set= 2= o it mebA] v &
A o o]50] B& VO(G) ol £ 52 G5 (r = VCO(G)/|V|)F ol Hofof 3itt.,
wrebA g C ol A Aol gt 7l 0]/d9] vertex7t cut set SOl gl 2HE, & S 2F°) A&
gg2 1 k7t At BAE & o AgE Sofl ZEo] Q1A ko I Hg & S Q1Y)
ozl 1 ﬂ‘/’r% Z= Zlo] T a5t

A vertexZF 10070 L1 [VO(G)| = 10 2k 7FY SR AL 27 B2 2 3709 vertex

E Boke u 1 F of" Sl o]H cut set SOl ESHEA] XS FHELS 1 —0.1° = 0.999
7} Fckh, wAjo] AAH g4 K=RandomVC(G k)& 18| & G—J Ve(G )7P° K 2 tjx]5t]
return A|AH = Aol EPEW J710] *‘HH VC( )L 7MY FE2 1 -VO(G)/|VIF

oh. I2H o2 ol 2] 7Y W2 connectivity & ZE7Fo|Th fH7HA] 4%
2 7H =2 vertex connectivity 7F 2 4 = 7HsA |V — 15H -1 A FAA| 7] HA
7o) sFol= cut set©] J=AE FEXOR 74/\]-§>l-1:]-_

& Eoluat. V| =300]2t1 5kAb. 21 ki 52 set Pt IH S Fol7 G
NA 5H, vi, v, v3, 04, ... v = B=TF 0] 5709 T HE}F G O] YA 2E remained vertex
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ol

Decision Authors Year Complexity Comments
A=2or 3 Tarjan 1972 O(m+n) DFS

A Even, Tarjan 1975 | O(m - n * min{m'/? n?/3}) n maxflow
A(digraph) Schnorr 1979 O(X - mn) maxflow

A Esfahanian, Hakimi | 1984 O(X - mn) n/2 maxflow
A(digraph) | Esfahanian, Hakimi | 1984 O(X - mn) n/2 maxflow
A Matula 1987 O(mn) dominating set
A(digraph) Matula 1987 O(k - n?) dominating set
A(digraph) | Mansour, Schieber | 1989 O(mn) dominating set
A Gabow 1991 [ O(m +k? - n-log(n/k)) uses matroids

Table 1: A chronology of edge connectivity(=\) algorithm, n = |V|, m = |E|

r; ol thote] 1 = (vi,rj) Ol HHSHY cut set= maximal flows= ©]-&6fA] atct, 1 7%
AA connect1v1ty7} kY 7}57‘4 ° 1 — (k/30)° o]t} T —?—1347} setSF VC=10¢ld] o]£ 7
TSt cut set©] 702kl SHH 2= HA IO cut setS tF-2 O] update$ttl. &
F7roll 7182t 1L 9] connectivity Bt 2F-2 Fho] L™ 1 o]|st2 R E| thA] Al &gt

CurrentVC = min{CurrentVC,VC(v;,1;)}

o|ZA b A=oll= Sell £51A] Y= 01?1 I vertex pair (s,t) & Zopd 4= Q11 7702
o] &A O] AH2 I i%‘jr 1 Aot =9 71O vertex & AEot=710] A& S 2 dependent
Sttt (QED). TlE =12 1984 ““%(Mehlhorn) of ©J8jjA4] IPL(information Processing
Letter) ol A|AIH A2 ZF=xotA "oy, Ga12]5 9] correctness o] Tt Hoh ZpA|9E B4 0]
A& =] QL

otef+= { edge , vertex } connectivity©ll thote] 21 Axp7} 7R H 3782 vrebutal §)
7 241 9] A3b= 1991 F ol Henznger &F Raooll SlafiAl AIAIE O(k - m - nlogn) tlme
algorithm ©] T},

£A 8.6.4 oA AATH 12| E2 pseudo codeZ A|ASLAL, 71 WO time complexity
S} probability € k,|V|, |E| 2 UEW BA|Q. LEDAY+= AH{H O =2 vertex connectivitys
Tl 7t AlgE o] A] ottt o HES LEDA—J maz-flow code2t Yol A Arg St
g5 S-S o854 AA graph connectivitys THE 0.999 o132 FHA| L. O
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Decision Authors Year Complexity Comments
k=2 Tarjan 1972 O(m +n) DFS

k=3 Hopcropt, Tarjan | 1973 O(m+n) triconnectedness
K Even, Tarjan 1975 | O(k - (n — 6 — 1)mn?/3) maxflow
k=k Even 1975 O(kn?) maxflow

K Galil 1980 O(min{x, n?/3}mn) maxflow
rk=k Galil 1980 |  O(min{x,n'/?}kmn) maxflow

K Esfahanian, Hakimi | 1984 See above maxflow
k=4 Kavenesky 1991 O(n?)

K Henzinger, Rao 1996 O(k-m-nlogn) Randomization

Table 2: A chronology of vertex connectivity(=k) algorithm, n = |V|, m = |E|

8.7 Optimal Network Design

o] Aol A T ABE | thokst $-40] ool Tjste] T Stk of 714 AW A
9ol Bre g8 Rop} Qlome QIEYl SoA ohu] Hreict,

EA] 8.7.1 Reliable Communication Network Design

= n 79 computing servers ZFA AL ot 1HY & O reliablet SAISEISE 950 A
ol BT k-connected = =5 T2 gt} =k — l:rLEﬂ 7} & Al 53—7—3.% drole 1}
HA &2 T4l ket 8 A7do] gle5 stalat °Wr o] % edgeE oFF Eol (hopefully

complete..) 200 FISHE H1E SRR, ol AR 0.2 £Aolt} o] 114 Holoka
2| 439 edger= 2 JNQIA|, Harary Graph 73 -& —]—9-5]'031 *4‘:'45]-_1_ n=16k=4%
o FA-S WEo] BHAlQ. o] ALE f(k,n)2tD Sttt = V] = n ©|HA] k-connected ]
o) H A& edgeTE GERA. O

Sol.) Simply saying f(k,n){> kn/2} 4= A & 5= At (A71A {x} = 2 Bk 71
2k A5 Tetth {3.2}= 40|tk o] ZAINA Z} vertex= Holk k'7H/1 edge+= 3L o1oF
ek, A oty = 11 =9 incident $F edge W %‘%} HmH o 2 A T171S isolation A2
= Q7] wfZolth. whebA RE vertex o] degree= Aok k, Tt A edge ] 4= kn/2
7h Hot A= ol A2 A k — connected L L5 TS 4 1O wo|ot,

vertex AZ2E & & o] §U| 2 Tl Zofl= dfj2] ] (Harary) 12| = Hy,, 7F QlEh ©]
EAT class @] D2 E 9= W2 k,n 9| parity 4tell @etA & th=oh. WA Harary
Graph©] o5 A H =},

A9 8.7.1 Given k < nol t5t] n7l9] verters @ Yol 2F S7HE S %%E} kel k
7} &40l Hy, = 2t vertexoll A 2}, & 282} k/2709] nearests 5 A4tteh 9 k7F
Z4-olal n7}m"°]”:1 2% 7V (k— 1)/27H—4 verters AR, Zla]_’ F7tE ‘?_Eﬁl?ioﬂ
U= verters AARNT. WA kb, n BT E501H, Hy <= Hy1, N4 edge (i,i+ (n—1)/2)

& FRE 0<i < (n-1)/2
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[\]
t

Hyg Hsg Hsg

Figure 6: Structure of Harary Graph, k 2} n ©] & S|4 stu7t #<=0]H regular 12T
ojZ|gt, E % &4 ¥ w= A4F Z1# I (regular graph) 7} oFY T}

BA 8.7.2 Harary Graphg 7735t WS A6t Hyg Hss,Hso e A3 18 EAL
el o] o] verter AAE7t k(Hg,) = kU HolAa. O

)

Solution) n, k| parity ol wakA B 742 -2 Wol A A ZhslH At

Proof) 4% 2= k = 2r Q1 %ol disiAvt SEtth. G = Hy, ©1th. minimum degree
5(G) = k O|BE k(@) < k otk WA k(Hy,) = k Y& S0P Helid= 2l
K(G) > ke Sold "ok o] A2 olH 199 vertex H3 S C V(G), |S| < kel tst

o Salt G5, % S5 AT THAZE G4 connected Ho] 98- Kol ZHo] gzt

M2 = 7h0] 9199 vertex u, vE AESERL. 18] 11 w o)A v 2 7H= T HIgF]| 9= vertex
S A, BE A5t = Harary 1Tl A Ao 2 Bo|= - ARTol=t
S, BEAAReRe] T g e Bebw ok, ad) |S| < k olnE, mE1g el
OlaiA {A, B} Fell sht= ‘1}5/\ | St k/27) ootz F59] das 75: A= vertex©] &A1
S (5 B} /2 50k ATk 1 A50) §he k7} B o AL |S] < k2he 1o
E_{_\O] ‘Q—E} ?:—1]:/—]— 87} O] l:F 7H94 ;S@' A, B%Oﬂ/ﬂ Cll“CulaI'O]'7ﬂ ELJ_ kj/2 7H_/] Vertex7]—
ofyetal Qtttd o] I Z= A AE o] E]E‘r u2hA] o] EHE% w2 A 7] HEEA]
circularot] AEH r 7] A vertex set= 25 A A oFgt gt}

olt

St GO BE vertex 7} g+ % }’@@P_E k/2 709 vertex & AAE1317] W=2ofl, k/2
7} ol5te] Vertexa A ARA = 11 HFo 2o AAS block /‘] T gtk OebA fe=
G — SolA AEE= B FollA k/2 7H o] 5} AR = AGolA FY] vertex & 7HA+= Ho
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e 8.7.1 (Harary,1962) kK(Hgp) =k olty, wratA n i vertex s 712 k-connected
graph7t 7YA= F A A49] edge= [kn/2] o|t},

EA 8.7.3 degree7t 5 3% 3-regular L ZOA £(G) = k' (G) ¥

filo
o[N

HolAl Q. O

Hint) vertex cut< SE]'_TL =} 13H ;ﬂiﬂ JHZ= Hy, S, Hy 2 Bt} o] F$ S
Eot B vertex v 19 AAH vertex F SHH7F Hy olut Hy = B5f it o] B¢
ojL ot &Oﬂ T FHAE edges 5 AAASHH (vohutoll tishe] 5hte] edge T2 A7 51HH)
Hy 3} H, S BRI G5 019 4971 oR 2 w1540l S1E 189|497} fdsie

~}1/}m r/}gq 011— edge7]' ok&oﬂ 7P7P SF 7HM14 73 a]-l:q l\jﬂ_q- 71—0] 74;<47P 2~ 011— pd| o]
‘”Ei ot 9] edge‘:‘]' S glolH ot E}E}/ﬂ |S| 7H U]'E“—J edge¥r gloflH 5 component Hy
T Hy 7t ] ot

=

+A) 8.7.4 Block-cut point graphs A SJstA Q. 181 olH 255w
dol =) olA AFAelE et = 2 =g FAdskaota skat (7FY 53
Hojetal obH Hrt. at most k) ©1&RE “friendship graph” oA block= 5

? 223 o] AN cut verter= TS Jn|st=%] WolAl Q. (= F §]’ Calling pair
2 J9=e 8% "9ch) O

EA 8.7.5 Connected components F5t= DFS7|HtE &1 8|&S& AYstAla. (H4HS
2-pass algorithmO|tt. AWA passoll A A U7HHA E vertex®] DFSHIE FLotal 71 th-2
backtrack edges 5o+ back-edge numbers Foh= 202 ZPHATt, EAE IHZ 18HS
HHA ol 4 BAO|ARE, AA AFmAZA oA st 187 A9k ¢kt O
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BA) 8.7.6 G 7} simple graph®]1l mazimum degree?t 3°15F A(G) < 3 ©|H £'(G) = k(G)
Us THSIA L. (lBA STHoIH He=R] I FX2EE AASHEAI L. contradiction ¢
constructive proof ¢ [

W= edge eofl tisto] o] & 23tst= F 719 cycle Cy, Co7F EASEAL ©] E9
eZ7t 4T ) G= 3-edge-connected Y& B34 8. O

FA o] Qi 7 Tejmoleh, o] A% 5T edge E(C) o Hl A%E b3} 2

8.8 LEDA, NetworkXE o] 8% d2x AA 273

Graph 9] edge, vertex connectivity & ¢t Z =+ LEDA YA AlFslFA] ofYgtet. o]
SAI slnkth 234 ZobAo AAE] TRe] AER Ao HEA0R optimization
H IS AT 5 7] tj&olt}. oFgl+= Graph 9] vertex, edge connectivity o] 33 ¥
ety g]Eo] % A5 &Il 9+ Stony Brook Algorithm Repository Ato] E o]t}

http://www.cs.sunysb.edu/~algorith/files/edge-vertex-connectivity.shtml
AA| Graph connectivityﬂ' implement ¥ Z} ¥t o237} 2Tt

1. Goldberg’s Network Optimization Codes (C) (rating 10)

2. Boost: C++ Libraries (C++) (rating 9)

3. GOBLIN: A Graph Object Library for Network (C++) (rating 8)

4. LEDA - A Library of Efficient Data Types and Algorithms (C++) (rating 8)

5. Moret and Shapiro’s Algorithms P to NP (Pascal) (rating 4)


http://www.cs.sunysb.edu/~algorith/files/edge-vertex-connectivity.shtml
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—

6. Combinatorica (Mathematica) (rating 4)

o] F otE AEole] FolF 1 X Q] connectivity & ol HA| 2. AP A 1)
i rhg) ol WA T ohEl A7) 1 AEo] ol RS Belg 5 9

S

Figure 7: vertex, edge connectivity & —7-617] $]¢F sample graph

EA) 8.8.1 ot sample LA A AA|H 57FA] propertyS LEDAR T2 12-S 5}oq
22-7] vkt 2ol o] a# xS 2FH HPSt] (edge T2 verteas F7VSHAL A A )
/* Sample Graphs =2 Z1t

Graph Name V] |EI k(G) k' (G) flow(1,n)

Graphl

Graph2

Graph3

Graph4

Graphb

EA 8.8.2 AHEL 5709] sample graph G{1,2,3,4,5}.inpE ©]-&s|A AA| o] ez
vertex, edge connectivity 7t QupA| AAtst= T2 T8 algorithm repository®] T2 71
H= ol &olA AR, (Mathematica®ll A+= Combinatoricas ©l-&lk Ett.) 4
FAA2 oA mazimal weighted matching®l A8 A0 2 T2 ALEolH Hr}, ofsh7h
AAE 5709 e tisto] o] gh& ot ek & BE IO edge weight= FTE
FolRT}, (edge connectivity ALY ) O

B4 8.8.3 Yo EANA 2= AAAQ minimal cut vertex sett minimal edge cut<
ol el gk, @ olejat cut ser] Bo] £AJ5H7] BRo] o] S AR }AYS
T lezicographically 7V WE AS E2std Aot & 7 B9 cut seto] Ao,
% {1,4,6,7}°] 911, {2,3,5,6} ©] o™ oAHEL A} (former) 7} AAAA 0 = T WE
ZolB g {1,4,6,7}2 EHdfoF gttt O



8.8 LEDA, NetworkXZE 0|3t HZZ ALt T2 2 21

A 8.8.4 o2 G A AAEH 5709 sample grapholl A vertex vi Tt Un—jv(cy AFO1 9
mazximal network flowdt-= FoHA Q. WH-S 919 A8 Fdottt, 7T alAto| A= o]}
22 e AAtste 2209 A A ool B=x 24l flom & ol Foiof gttt O



