Optimal Control Theory

Pontryagin’s Minimum Principle



Pontryagin Minimum Principle

The principle makes the optimal control concept to be effect
although the control inputs are constrained and Hamiltonian,
H, is not differentiable over u.

Let u* is the optimal control and admissible control, u, is bounded.

- If u* within the boundary during the entire interval, [to, tf],

5/(u*,éu) =0

- If u” lies on the boundary during any position of the time interval,

5/(u*,éu) =0
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Pontryagin Minimum Principle

The optimal control problem with the constrained control inputs

t

Minimize  J(u(t)) = h(x(tr), tr) +f fg(x(t),u(t), t)dt
t

Subjectto  X(t) = a(x(t),u(t)t) X, tr free

0

If 6], is obtained as:

The necessary conditions and boundary conditions must be satisfied.

5/(u*,6u) =0
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Pontryagin Minimum Principle

If all other terms are zeros,

1) tfaH(S d
]a—jt %u t

0
Considering that

0H
HXx*u* + 6u, A" t) = Hx*,u*", A% ¢t) + %6u + h.o.t.
We have

tr
6]a=J [H(...,u*+5u,...)_H(...,u*’...)]dt20
t

0

Therefore, it is necessarily that

H(x*,u* 4+ 6u, A", t) > H(x*,u*, A", t) vVt
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Pontryagin Minimum Principle
Necessary Conditions
. aH]T .
X = |=— —  State equation

[ ] Costate equation

HEx*u* A5 t) < Hx*,u,A*,t) — Instantaneous optimal condition
for all admissible u

Necessary Conditions at the boundary

0= (2" _ar)sx + (P4 1) st
~ \ox Xr T\ ac f
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Minimum Time Control

Consider that there is a state equation of a linear system

X = Ax + Bu

If we are going to find the best control trajectory, u*, that is
constrained by |u| < u,,,4, and minimizes the time when the state is

changed from X, to X¢. The optimal control problem can be defined
as:

ty
minimize ] = dt
to

subject to X = AX + Bu

lu| < Umax
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Minimum Time Control

Hamiltonian
H=1+AT[Ax+ Bu]

Costate equation

T

0H
—|[—| =-ATA
State equation

x = AX + Bu

Optimal condition

H(x*,u*, A% t) < HX*,u* + 6u, A", t)

ATBu* < ATBu
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Minimum Time Control

Considering that

ATBu=[ATb; A"b, .. ATb,] where B=[b; b, .. by]

The optimal control u™ is determined as:

_uj>|1<_
.| . \=sign(ATb)|upgreil ATb; =0
u = .2 where U = g ( l)l max,l| . i
undetermined A'b; =0
Uy, |

The control can be undetermined or singular for a finite time.
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Minimum Time Control

The optimal control for the minimum time problem

( |umax,i| )‘Tbi <0
ut = < —|umax,i| ATb; >0
- undertermined  A'b; =0

i J\ //” __________________

_lumax,il -------------------- \\ /—4

Bang-bang control
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Minimum Time Control

Example
Obtain an optimal force trajectory and the minimum time for

accelerating from 0 to 100km/h where Fy.o, < Fpgx.

Fload = Ccv
—

From a constitutive equation, F;,,4 = cv

1 c
mv =FE —CV > v=—EFE ——V
prop m PP m
State equation
c " 1
. a = —— e —
X = ax + bu m m
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Minimum Time Control
Hamiltonian
H =1+ A(ax + bu)

Costate equation
0H

iz—(—)z—a/l — A=Ce™®

d0x
State equation
X =ax + bu a=——
Optimal condition

1+ Alax™ + bu*) <1+ A(ax™ + bii)
Abu® < Abti

U = —sign(Ab)|upmgxl Ab #0
undetermined Ab =0
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Minimum Time Control

The final state is fixed.

dh
L TH=0 att =t —

by looking the boundary conditions,
9.Cf>0 E— /1f<0fOTVt
1

m

finally, the optimal control must be

u" = |umax|

H(tr) =0
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Minimum Time Control

Example

Obtain an optimal force trajectory and the minimum time, so that the
car is arrive at the final distance, D, with zero speed, or 0km/h,

where Fpin < Fyrop < Fnax

C +1F
vV=——v+—

m mprop

C 1
a:—— [ —

m m

N

State equation

X = ax + bu

Z=X

t

= d
z(t) fox(r) T
z(0) =0

z(tf) =D
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Minimum Time Control

Hamiltonian H =1+ 2 (ax + bu) + A,x

= —a/11 + /12

Costate equation : (GH)
A==
d0x

: 0H
Az=—<g>=0 _’AZ=C_’11:C18_at+C2

State equation
X =ax + bu

Z=X

Optimal condition
1+ A (ax™ +bu*) + A,x* <1+ Alax™ + bii) + A,x*
Abu™ < A bt

u* — _Sign(/llb)lumaxl Alb * 0
| undetermined Mb=0
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Minimum Time Control

The final state is fixed.

%+H:O att =ty H(tf) =0

Hf =1+ Al(tf)(axf + bU,f) + /12 (tf)xf =1+ Al(tf)xf =0

by looking the boundary conditions,
X <0 —  4(t) >0

/11=C16_at+C2 E— Cl'CZ<0

finally, the optimal can be

|umax,i |

A (ts) =0

ty

Jotsfc*(r)dr = —f x*(t)dt

Ls
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Minimum Effort Problem

The objective of the problem is to minimize the effort to
control the system where the state satisfies the requirement.

x(t) = f(x,t) + B(t)u(t)

Find the best control trajectory, u*, that is constrained by |u| < u,,,4y
and minimizes the effort when the state is changed from x, to X¢. The
optimal control problem can be defined as:

tf m
minimize ] =j zluil dt

to 741

subject to X = f(x,t) + Bu

lul < upay
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Minimum Effort Problem

Hamiltonian

Costate equation

oH|" o
ox|  ox

State equation

X = f(x,t) + B{t)u(t)

Optimal condition

H(x*,u*, A% t) < HX*,u* + 6u, A", t)

m m
Z|u§| + ATBu® < ZIuiI + A"Bu
i=1 =1

H= ) |lul+A"[f(x,t) + B(O)u(t)]
2

Chapter 5: Pontryagin's Minimum Principle

17



Minimum Effort Problem

The Hamiltonian can be expressed as:

m
H = Zhlil + }\,Tbiui i =1,2,..
i=1

At ith control u;,

If Ui =0 Iuil + lTbiui - (}\Tbi + l)ui
If u; < 0 |ui| + lTbiui = ()\.Tbi - l)ui

ATb; > 1 ——  Ku; whereK >0 ——

ATb; < -1 —— —Ku;whereK>0 —
uiZO, Kul- —

— Th.

1<ATh;<1 w<0, —Ku

m
lu| < Umax

Ui = —Uimax

Ui = Ui max

ul- =

ul- =
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Minimum Effort Problem

The optimal control for the minimum effort problem

i ui,max )\.Tbi < -1
0 —-1<a’p; <1
U= A
—Ui max lTbi > 1

undertermined  ATb; = £1 for a finite time

Bang-off-bang control

_ui,max
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