




𝑑2𝑦(𝑥)

𝑑𝑥2 = −𝑘2𝑦(𝑥 )

𝜕2𝑦(𝑥, 𝑡)

𝜕𝑥2
=

1

𝑣

2 𝑑2𝑦(𝑥, 𝑡)

𝑑𝑡2
, 𝑤 = 2𝜋𝑓, 𝑘 =

2𝜋

𝜆

𝜕𝐸 𝑥, 𝑡

𝜕𝑥
= −

𝜕𝐵(𝑥, 𝑡)

𝜕t

𝜕𝐵 𝑥, 𝑡

𝜕𝑥
= +

𝜕𝐸(𝑥, 𝑡)

𝜕t

IF ?

𝜕𝑥

𝜕t



1

𝑣2

𝜕2𝜓

𝜕𝑡2
=

𝜕2𝜓

𝜕𝑥2

Trial solution

𝜓 𝑥, 𝑡 = X 𝑥 T 𝑡

X 𝑥
1

𝑣2

𝜕2T 𝑡

𝜕𝑡2
= T 𝑡

𝜕2X 𝑥

𝜕𝑥2
… (1)

1

T 𝑡

1

𝑣2

𝜕2T 𝑡

𝜕𝑡2
=

1

X x

𝜕2X(𝑥)

𝜕𝑥2
… (2)

1

T

1

𝑣2

𝜕2T

𝜕𝑡2
= −𝑘2 … (1)

1

X

𝜕2X

𝜕𝑥2
= −𝑘2 … (2)

𝑘2𝑣2 = 𝜔2

𝜕2T

𝜕𝑡2
= −𝜔2T … (1)

𝜕2X

𝜕𝑥2
= −𝑘2𝑋 … (2)

cos(A+B) = cosAcosB - sinAsinB
sin(A+B) = sinAcosB + cosAsinB 

T 𝑡 = Acos 𝜔t + Bsin 𝜔t

= 𝐴2 + B2 cos 𝜔t + 𝜙0 , tan 𝜙0 = −
𝐵

𝐴

=𝐴′cos 𝜔t + 𝜙0

X 𝑥 = Ccos 𝑘𝑥 + Dsin 𝑘𝑥

= 𝐶2 + D2 cos 𝑘𝑥 + 𝜙1 , tan 𝜙0 = −
𝐷

𝐶

=𝐵′cos 𝑘𝑥 + 𝜙1

복소해?
T 𝑡 = 𝐴′exp(𝑗 𝜔t + 𝜙0 )

X 𝑥 = 𝐵′exp(𝑗 𝑘𝑥 + 𝜙1 )

T 𝑡 X 𝑥 = 𝐴′exp(𝑗 𝑘𝑥 + 𝜔t + 𝜙2 )



1

𝑣2

𝜕2𝜓

𝜕𝑡2
=

𝜕2𝜓

𝜕𝑥2
+

𝜕2𝜓

𝜕𝑦2
= 𝛻2𝜓

𝜓 𝑥, 𝑦, 𝑡 = 𝑋 𝑥 𝑌 𝑦 𝑇(𝑡)

𝑇" + 𝜔2𝑇 = 0 𝜔2 = (𝑘𝑥
2+𝑘𝑦

2)𝑣2

𝑋" + 𝑘𝑥
2𝑋 = 0

𝑌" + 𝑘𝑦
2𝑌 = 0



𝐄 𝑥, 𝑦, 𝑧; 𝑡 = 𝑅𝑒[  𝐄 𝑥, 𝑦, 𝑧 𝑒𝑗𝜔𝑡]

𝛻 ∙  𝐄 = 
 𝛒𝑣

𝜀

𝛻 ×  𝐄 = −j𝜔𝜇 𝑯

𝛻 ∙  𝐇 =0

𝛻 ×  𝐇 =  𝐉 + j𝜔𝜀  𝐄

𝐇 𝑥, 𝑦, 𝑧; 𝑡 = 𝑅𝑒[ 𝐇 𝑥, 𝑦, 𝑧 𝑒𝑗𝜔𝑡]

𝐇
𝐄



𝛻 ∙ E =
𝜌𝑓𝑟𝑒𝑒

𝜖
= 0

𝛻 × E = −𝜇
𝜕H

𝜕t

𝛻 × H = Jfree + 𝜀
𝜕E

𝜕t

𝛻 ∙ B = 0

𝛻 ∙ E = 0

𝛻 × E = −𝜇0

𝜕H

𝜕t

𝛻 × H = 𝜀0

𝜕E

𝜕t

𝛻 ∙ B = 0

𝛻 × (𝛻 × E)

= −𝜇0

𝜕(𝛻 × H)

𝜕t

𝛻 × H = 𝜀0

𝜕E

𝜕t

𝛻 × (𝛻 × E) = −𝜇0𝜀0

𝜕E

𝜕2t

𝛻 × 𝛻 × E = 𝛻 𝛻 ∙ E − 𝛻2E

Maxwell equations in vacuum

𝛻2E = 𝜇0𝜀0

𝜕E

𝜕2t

1

𝑣2 = 𝜇0𝜀0

3D wave 
equation



𝛻 ∙ E =
𝜌𝑓𝑟𝑒𝑒

𝜖
= 0

𝛻 × E = −𝜇
𝜕H

𝜕t

𝛻 × H = Jfree + 𝜀
𝜕E

𝜕t

𝛻 ∙ B = 0

In materials,  not trial



𝐄 𝑥, 𝑦, 𝑧; 𝑡 = 𝑅𝑒[  𝐄 𝑥, 𝑦, 𝑧 𝑒𝑗𝜔𝑡]

𝛻 ∙  𝐄 = 
 𝛒𝑣

𝜀

𝛻 ×  𝐄 = −j𝜔𝜇 𝑯

𝛻 ∙  𝐇 =0

𝛻 ×  𝐇 =  𝐉 + j𝜔𝜀  𝐄

𝐇 𝑥, 𝑦, 𝑧; 𝑡 = 𝑅𝑒[ 𝐇 𝑥, 𝑦, 𝑧 𝑒𝑗𝜔𝑡]

𝐇
𝐄

Time-Harmonic Fields



Time-Harmonic Fields

H.W

𝛻 ∙  𝐇 =0

𝛻 ×  𝐇 =  𝐉 + j𝜔𝜀  𝐄

= ( +j𝜔𝜀)  𝐄 = j𝜔  𝐄

𝐜𝐨𝐦𝐩𝐥𝐞𝐱 𝐩𝐞𝐫𝐦𝐢𝐭𝐭𝐢𝐯𝐢𝐭𝐲 𝜀c =
𝛻 ×  𝐇 = j𝜔𝜀𝑐

 𝐄

𝛻 ∙ 𝛻 ×  𝐇 = 0 → 𝛻 ∙ j𝜔𝜀𝑐
 𝐄 = 0 or 𝛻 ∙  𝐄 →  𝜌𝑣 = 0

𝛻 ∙  𝐄 = 
 𝛒𝑣

𝜀
𝛻 ×  𝐄 = −j𝜔𝜇 𝑯

𝛻 ×  𝐇 =  𝐉 + j𝜔𝜀  𝐄
𝛻 ∙  𝐇 =

𝛻 ∙  𝐄 =

𝛻 ×  𝐄 =

𝛻 ×  𝐇 =

⋯ (1)



Time-Harmonic Fields

H.W

𝛻 ∙  𝐇 =0

𝛻 ×  𝐇 =  𝐉 + j𝜔𝜀  𝐄

= (𝜎 + j𝜔𝜀)  𝐄 = j𝜔 𝜀 − 𝑗
𝜎

𝜔
 𝐄

𝐜𝐨𝐦𝐩𝐥𝐞𝐱 𝐩𝐞𝐫𝐦𝐢𝐭𝐭𝐢𝐯𝐢𝐭𝐲 𝜀c = (𝜀 − 𝑗
𝜎

𝜔
)

𝛻 ×  𝐇 = j𝜔𝜀𝑐
 𝐄

𝛻 ∙ 𝛻 ×  𝐇 = 0 → 𝛻 ∙ j𝜔𝜀𝑐
 𝐄 = 0 or 𝛻 ∙  𝐄 →  𝜌𝑣 = 0

𝛻 ∙  𝐄 = 
 𝛒𝑣

𝜀
𝛻 ×  𝐄 = −j𝜔𝜇 𝑯

𝛻 ×  𝐇 =  𝐉 + j𝜔𝜀  𝐄
𝛻 ∙  𝐇 =0

𝛻 ∙  𝐄 = 0

𝛻 ×  𝐄 = −j𝜔𝜇 𝑯

𝛻 ×  𝐇 = j𝜔𝜀𝑐
 𝐄

⋯ (1)



H.W

𝛻2: Laplacian operator 

Propagation constant

𝛻 ∙  𝐇 =0

𝛻 ∙  𝐄 = 0

𝛻 ×  𝐄 = −j𝜔𝜇 𝑯

𝛻 ×  𝐇 = j𝜔𝜀𝑐
 𝐄

𝛻 × 𝛻 ×  𝐄 =

𝛻 × 𝛻 ×  𝐄 =

𝛻 × 𝛻 ×  𝐄 =

𝛻2  𝐄 = (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑥2
)  𝐄

𝛻2  𝐄 + 𝜔2𝜇𝜀𝑐
 𝐄 = 0

Time-Harmonic Fields

𝛾𝑐
2 = −𝜔2𝜇𝜀𝑐



H.W

𝛻2: Laplacian operator 

Propagation constant

𝛻 ∙  𝐇 =0

𝛻 ∙  𝐄 = 0

𝛻 ×  𝐄 = −j𝜔𝜇 𝑯

𝛻 ×  𝐇 = j𝜔𝜀𝑐
 𝐄

𝛻 × (𝛻 ×  𝐄) = −j𝜔𝜇(𝛻 ×  𝐇)

𝛻 × 𝛻 ×  𝐄 = −j𝜔𝜇 j𝜔𝜀𝑐
 𝐄 = 𝜔2𝜇𝜀𝑐

 𝐄

𝛻 × 𝛻 ×  𝐄 = 𝛻 𝛻 ∙  𝐄 − 𝛻2  𝐄

𝛻2  𝐄 = (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑥2
)  𝐄

𝛻2  𝐄 + 𝜔2𝜇𝜀𝑐
 𝐄 = 0

𝛾𝑐
2 = −𝜔2𝜇𝜀𝑐

𝛻2  𝐄 − 𝛾𝑐
2  𝐄 = 0

𝛻2 𝐇 − 𝛾𝑐
2 𝐇 = 0

Time-Harmonic Fields



6개의 Helmholtz equations
헬름홀츠방정식

𝛻2  𝐄 − 𝛾𝑐
2  𝐄 = 0

𝛻2 𝐇 − 𝛾𝑐
2 𝐇 = 0


